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SIMPLE SMALL POLARON tlODEL FOR THE HYDROGENCONCENTRATION

DEPENDENCE OF HYDROGENDIFFUS1ON IN Nb.

D. L. Tonks and R. N. Silver

Theoretical Division and Physics Division
iios Alitmus Nation~! Laboratory*
Los Alamos, NH 87545

ABSTRACT

We have genrr;slizc+d sim[)li,fierl smnll polaron mod~~ls for the
tunnrling of intr.rstitinls in scll(ls to inclut!r interactions
beLween Ltlc diffusing parLiclrs, This is applied to the cnlrul~-
tion of Lhe nvrrnRr hopping ralr of hyrlrogrn in Niobium as a
full(tion of hydrogen ronrrntrnt ion fur sm;lll Conrrlltr;ltinhs, i.e.

fo- JII 11/NII rutio (c) o! ,1)6 or less. Th(’ tlopping of a s inglc II
unll(’r thr inf]uenrr of nrnrhy, stnt.ic)nmry 11’t4 wns trrutrd, Thth
illl.t”r,lc.-tion:: l~rtwrrll intrrst i~i:lls illclullt’ it hilrd-(-urr rrpulsioll
a:d a l:lt! i(f’-mv(li,ttc(l strnili inl(’rnrtion. Thr lllnnr]in~ transfer
inl.rgrill W:IS tiikrn to rfrprnd orI thr displnthrmtvits of n.=arhy Ntt
atcms. Only Lunllrlillg vin thr ~roun(l vihr:ltioni)l levrl of the
inlrrst.ili:hl:: wkc~ Lrr;ltrd. For c“ f .06, thr calrul;lLt_d inert’nsr

in LhII hop]) i IIR JC[’Li v,It io[~ rnrrgy ~-JS n fun(’1 iolt of c wus lillr.lr ill
c aild coml};lrnl}lr in m:txnitlld:$ with t.hr rxl)rrimrfltdl ill(”rr;lsr.

Our Eilnl)lilif’11-lno(lrl rrslllto show lhiil thr strniu intrrncL inn
hrtwrsrn II’s ill Nl) is imp{]rtlltlt ioi thrir d)ffu’iio:l nml thni Lllis

i:ltrr;l(.t ion nrrll:t 10 hr illrludrd ill uhi~trvl”r morr rl;ltlt~l”,ltr
(ii t ! U:; ion mo(lt” I % ilr~ drV(’ I opt-d,

IN’1”1(01)11(:’1”10N
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purpose of this paper i.s to so generalize a simplified version of

the proposed model for low concentrations, i.e., c(H/Nb ratio)
c .06. Our nimpiified model, Includes defect-lattice coupling
Tinear in Nb displacements , a~d tunneling between the ground
vibrational levels of the H. The effects on the motion of a
8iven H due to the strain fields of nearby H’s will be included.
BoLh cli~nges in the transfer integral and the differer~ce in
initial ~nd final defect energies caused hy these strains will bfi
includes. Our calculations do not include all the modificatio,l
of Ref. 2, in particular, no tunneling between the excited vib~a-
tional states of the H is included. However, uur simplified
model can account for a major part of the ob~erved increase in
the activation ~nergy with higher H concentrations. Hence, the
strain field effects ate sufficiently important to require inclu-
sion in whatever more compleLe models are proposed. This is the

main conclusion of tnis paper.

The increase in activation m~rgy arises in part hecnusp Lhc
ritrain interdiction betwevn H’s is attractive and stronger at
C1OSC range (causinE ii-clustering) iind in pa:t becausr the hard
cores of nearby H’s have a blockin~ effect on the motion of a
given }[. In thr former effrrt, du~ to ~i~r clus~ering and blocking
an II must, on the ~vrrn~r, move IJwxy from a nvnrhy H to a %itc of
higher

-----
inLrr*uLion energy. The I)lf)cking raisrs the effrctive or

av~ra~c activn~i ~n rnrrtv hrcuuse th~ hlorking trrromrs less

pronounr~d irt highrr lrmprrutllrcs wh?rr thr clustrrinE is reducrd
and this heh;tvior is CollsisLenL wit.~1 .Iri ~]v~ril~f! iI(’t ivulif}n ruf!r~y
inurrasr.

An addit iona] rftrtl cant-rllcd part of the til)ovr-m(”lltiorlr’(1”

inrrr;l!;r i.n Jrt.iv;lLion rnrrgy, hut did IIOL donlina~c it. We

●ssumrd thol LIIC Lrnll!ifrt intrHrill l’rrtwcrn twrr H-sites is ir~~”rr.lsrtl
by aIl •xp:~u:;i(jn of” thr lnL[irr dhnuL thrsr sitrs, i,r. , a “n(!rl-

Cdlldou rflrut ,“ Mnd tllilt n Kulfirirrtlly l~r~r rxpnnsion is nr.+crssory
bt$forr hn~)pillg oc(>urs, This hns thr result iil.lt thr stroin

iirlds 0[ thr oLtl(!r 11’* nrdr !ho two HitPs redurr thr *rLivuLinll

●nrrgy . This is so hr~:iusc Llir nr.~rhy N’* will, rou~h!y fipr:~kin~
alrr.lfly ilililtr thr liI[t i(’r nr;lr lhr Lt:f) siLr% in (lllr!;Li(}il 011(1

hrl[l~ tlI(I rystrm ~li)!i(’~ to Lhr ho])piny, Coll(!il ion Lo br~ill Willl.

11. Nh 1[( SYS’I’E?I W)I)EI. ANI) III)]’!’] Nt; RA’i’l; FOR?IIJLA

(I(~IIt I JI tn ~]llr mo(lrl for L]Ir NII II svstf~rrl is [III, ;l:;:;llm~![ ion

thtl! , %ilj~r ; lIr tl’ s ;Irr li~lll (S1- :IIII! ! ;If;l I.r LII.111 t lIr F!lI ntnm:; ,

Lhry r:.llt)lisll ~lu;lllillm Vltlr;ltiollill stu!rfi thnt ndi~ltl.l[il’.llly

fol lnw Lhc NtI ,1[, )mii. nr~]t i[)l):i. Wr furtllrr ~fihumr, in li~llt [)t

Stlpl’l}rtillg rx]lrrlmrllt.:11 rvidrllt-r, th~ll lhr 11’s villr.ltr in 101;11
Uiollt’:: , Tllr il’$ tul:,~rl sullirlrlltly srld(ml tli.~t thi:; i ~ ;l Emd
a;ll]r~)ximnt inn. Thus , f or thr !; itu;lt i{)n in hf”twrrt~ hop%, r)nr (.arl
tr~at ~hr Nh Intt lrr ,Ill;lsl::l.lt.il”:ll Iy and (IPILIIF iltl :~(li:ll):~lk{

potell(inl rnf”rg~ (AI’K) tr~r lhr Nh II sy~t{”m irl whItlI thr Nh‘.



atoms’ kinetic energy is neglected but in which the H’s are taken
to be in their quantum mechanical ground vibrational states. We
approximate the adiabatic potential by expanding it in u Tyalor
series in the N’b displacements and keeping terms linear and quad-
ratic in the displacements. The linear term has the significance
of constant, H-induced forces on the N% atoms while the quadratic
term is the lattice harmonic potential ensrgy. We take the

latter to be that of the infinite J pure N’b host lattice. We
assume the same mndel for the linear term as Homer and Wagner,g
i.e., each H induces constant, equal longit~dinal forces on i~s
N_h second nearesL neighbors equal in magnitude to .23 of that of
●qual, longitudinal forces on the nearest Nb neighbors. The
magnitudes aue fixed using the observed, macroscopic H-induced
volume expansion of the lmttice, which is c~used by the longitu-
dinal forces. A direct hard-core interirction U, , between H’s at

li’sites i and j is assumed that exludes the occupa lon of up to the
third nearfist-neighbors of the inters~itial lattice. This and
the longitudinal force mode!. were used by Homer and Wagnera LO

model the a-a’ phase transition in Nh H . The H-]nduccd forces
Cause interactions among different n’s Eo arise as til~ strain
field of one H does work against the longitudinal forces induced
by nrio~hrr, Th~ energy of inter~ction, c,., bctwccn two H’s at
sibs i and j, plays a crntrnl role in ou};form:llism lat~r on.
For vir!ucs, we will usr thns:’ cnlcIIlaLrd by tlorner nnd Wngncr,3
using a Rorll von K~lrman mnflrl for thr Nh l:~tticr, but uc tiill
avt=l Sg(’ Lhosrl involving the snmr i-j st!purnlion to obf.ain C.
drl~rl~[i~’nt only on ~hc srl);lrtition, For two H’ri lylng zero t.~iough
twf’lvr n.[1, shrlls apart, wt? usr thr frrl lf)wing avrrdgrd valhr~
(thr z,irolt, :Jl,,~l I ,“orrr:;,u)mi:: [c) 1!,,1 S(S] ! Fnrrgy) -4174, -:! ’10/,
-106/, -l~~H, -Sfl(j, -L20, -~1~, H(), 97, Lj(,(), :]14, -]10, ~lld -]6.



ion, or higher-lying coincidmce event requires au additional
liabatic potential energy increase beyond that Of the lowest

potisible, which means a larger average activation energy.

We will average over all dilations beyond a certain higher-
lying threshold dilation, w}.,ich ve now describe. It will involve
equal dilations about the ini~lzi and final K-sites, the dilation
about each site having equal n.n. Nb and equal second n.n. Nb
longitudinal displacements in the same proportion as the forces
of the c... This plausible fizsumption allows the c.. to be used
in the f~;maliam to also describe the dilation. Th&Joverall
magnitude of Lhe dilation necessary is determined from the dilute-H
case by taking the additional activation energy of lattice activa-
tion to be the ●xperimental dilute-H AE (106 meV for T > 29(IK)
minus the calculated ❑inimum AE, ● , which equal.s-(c -c )/4 for
a hop between sites J and !(. When”other nearby, sta~ic $s ar%
present, they will cause the e~tra dildtion ne(:ded for the hop of
a given H to be partially present initially before any thermal
fluctual ions. We assume that the transfer Integral is sut_fi-
ciently large during a coincidence event that the probability of
a hop during a cGincidt=nce elvent is unity. This is the so-called
adiabatic hopping regime.4 We also assume that all memory of
previous hops is lc,:L before innothcr occurs.

We now briefly describe how our hopping ratr formula is
drrived and thr:l write it, We first found t_hr hopping rate for a

given initial tl-configuration and given higher-lying coinc-irfenf-c
evrnt and then intrgralel! thti result over all higher-lyi[)g rvrnts
followril by an avcr:lRr over initl~] H-configurnt inns. Thr ra(r
for. ?-~ givrn rvenL has a prefni”Lor, w, indcp~lldvnt of c, bul with

drprn(len(v” . This ran LMi esLiIhlishe~l by workin~ through thr

cc~incidrll(’r rvrnt formalism in App~lndix 11 of Ref . L, WILh W. srI.

Lo I (adi;lh~tiu hupping) dnd with Lhr dcldit ion;ll dilatiori coidi-
ti,]ll {ifl~lrfi . Thr AK uf thr kivrn highrr- lying rvrnt is ohtninrd
hy srttin~ [hr prchop niid posLIIoj) APF’s F’lII;II LrI oi)t.:iil] unr
condl Lion .iud Lhrn hy minimizing thr prr]!(ll) APE su;~,j(”c~ LO Lhis
●n(l LhP co[l(li L.ioll Lh;lt thr cxtrfi di lnt 101) t)r ;! ctirL’ ill i~fnoullt .

$-1
Aftrr mnkinR usr of Lhr appr(iximnt ion rric(x) ~ (xfl )
in thr intrgr~llillll (whith

exp(-xz)

Jk
r nll{jrr i rll I I y stll~h’1’~11(1 t~r v;l 1 ill in

ul~~ {.a:;e) w{. (Ih[ :1111 ft~r W ({11+), Lhr 1:1(1- for ,111 intfmr!;~lt i.1]

n.n. I)(II) !ri)nl silv J to si[(’ K wl~h inilinl ti-(ollli~~ll.ltioll” {II;}:
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above clearly shows that the initial st ains modify the lowest-
~a

lying-event activation energy through E -E .

The rate # should be averaged over the initial H-configur.-
tions. We approximateflth~ probabili~y of occu~rence of a giv~n
H-configuration as 11 P (n ), i.e., PJ(l) and PJ(0), the pre!lop

# ~ % being or not being atlsite k? dependprGbabilitiea of a s a ic
only on the H (aboutgto hop) at site J. We set PJ(l) LO (c/6)

●~P(-y ~/~T)/D and P.,(o) to (1-c/6)/D, where Y = c +U
P (1) ~ PJ(0) equ s 1.

i #
We made the additiona$fia~p~~im~~;;din

t e exponent of
a

of keeping only terms linear in the ng.
Similarly, we exp~nde~ the denominator in a ?aylor series and
kept only linear-in-ng terms. In our numetiical calculations, we
cstima”ced the above approximations to be good for c < .06, when
1% or less of the available i

$
erstit~.al sites ate o;cupied. We

also estimated the ● rror in due to using c.. values for only
twelve nmn. shells (setting the rest to zero) tJ be 10%. To do
this the twelve E., valuer were extrapolated to larger distances
using a modified b~bye model ior the phonons.

We consider only the c- ~ependent part of the h~pping rate,
defined by in Zp =

‘E ‘
[n<# >-ln(w’) + (e +Aeh)/kT. We fitt~d

o r calculated in 27 as a funcLion of T by”least squares to the
formula lnf~~ AE/kT< where N. is a c-dependent change in the
effective or aveiage A.E and f is a multiplicative factor describing
how th~ effertivr prefactor changes with c. The c~lculated In?p
fitted this form fairly well over the limited T range involved in
both the c~lrulation and i -f.lie data of Fig. 1, i.e. 400-600K.
Had we nut subtructe(! the F a-de~endent

would !~avr droppeti out anywny.
u“ out of inZp,it

~ and f are p]otLcd I.11 ki~. 1.

I)15C1JSSIONS AND Cf)NC1,USIO?!S

Fig. 1 shovs thnt our ht,pl:ing model predicts an incre~se in
Lhe activntlon cuergy with c, as observed t?xpcrimentally. For
c < ,06, wherr our approxim~tion.% arc valid, the inrrrases in
ac~lvalion encrqy AE, prrdicted by our model is roughly comparable
wiih thr exp~rimrntal iurre~lse. Th~ linr;lr extrapolation of the

C, yirlds AE Villlll’S also ri\Ugllly con,ll;lr-

onps . We conrlu(l(~ ttlat, thr cf[rct of

on On tllf’ flittu:iiorl r:4Lr is sut’licii~ntly
1){. iflrlu(ir[l in ,Iny more rr;lli:;ti(- mo(lf’1

effr(.1 on N (!J I fllsiorl in N,).

lrul;ILrtl prrlflrtl~r mult]plittrs f were not
int nml)ill ihl fI wj LII Lhr cxprrim(’nt;llly dt.Lrrmirlr’d I“. Howcvrr, thr

iinr.lr cxtr:ll,o]~lLiorl to higher c ot thl. [“:1](.u1;ILP(I f di(! not [it

the dtIt;I at all. The!;P dlscrcpaz]cics COU1(I III” IIU( to the cru(lr

as:il:m\)Liurls m:llir cf)n(.crnin~ thr trarl!; frr irllrgrn] depen{ll”ncr on
laLlirr dl!;plilrrmrn(s, i.r., thr su(ltlerl Lurn-on [or ttlr Lhreshold
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coincidence event, and the assurrrptic]n that adiabatic hopping
obtained during a coincide,~ce even~..
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